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The longitudinal and transverse impedances of an off-centered beam in a rectangular beampipe are solved
exactly using conformal mapping. The results are represented in each case by the product of the
corresponding impedance due to a circular beampipe with the beam at the center and a form factor that takes
into account that the beampipe is rectangular in shape and that the beam is off center. When the width to
height ratio of the beampipe is large, the form factor is found to stay flat for a wide range of beam
displacement. Both effects due to the resistivity of the beampipe wall and to space charge are considered.
I. INTRODUCTION
In storage rings and accumulators, some sections of the beampipe may be rectangular
in cross section and the beam may not be at the center of the beampipe. A knowledge of
the longitudinal and transverse impedances due to the resistive wall is vital to the
stability of the particle beam. The computation of these impedances has been
attempted by Neil and Sessler.! They solved the problem by expanding the electro-
magnetic fields as Fourier series. As a result, their impedances are in the form of
series, from which the results are not physically evident unless actual summations of
the series are made. In this paper, we conformally map the sides of the beampipe onto
the real axis, so that the problem can be solved exactly. In each case, the exact
impedance is represented by the product of the impedance due to a circular beampipe
with the beam at the center and a form factor. The latter, in the form of an integral,
takes into account that the beampipe is actually rectangular in shape and that the beam
is displaced from the center of the beampipe. We find that each of the form factors stays
flat for quite a wide range of beam displacement when the width to height ratio w/h of
the beampipe is big. For example, when w/h > 2, the form factor for the longitudinal
impedance is unity within 5% even when the beam is displaced by a fraction 0.56 away
from the center. Similar conclusions can also be drawn for the form factors of the
vertical and horizontal transverse impedances. Thus, our results can be understood
and applied more easily.
The paper is organized as follows: in Section II, the conformal mapping is described.
In Sections III and V, the longitudinal and transverse impedances due to resistive walls
are computed. In Sections IV and VI, the effects of space charge are computed for the




longitudinal and transverse impedances. In Section VII, a Fortran program 'RECT'
for the computation of the form factors is described. Finally, in Section VIII, the
distribution of the image current on the walls of the beampipe is given. We find that
when the width to height ratio is large and when the beam is displaced horizontally, the
results can be very much simplified.
II. CONFORMAL MAPPING
The rectangular cross section of the beampipe is placed in the upper half of the
complex z-plane as shown in Fig. la. The beam is on the y axis at a distance Yo from the
origin of the plane. It is rather unfortunate that x and yare used here to denote
respectively the vertical and horizontal directions. To avoid confusion, subscripts and
superscripts V and H will be used below to distinguish quantities that are vertical and
horizontal respectively.
Making a conformal mapping onto the zI-plane by
Zl = sn(2K(k)z/h, k), (1)
the sides of the rectangle AB_ C~C+B+A open up into the xl-axis A'B_ 'C_'C+'B+'A'
as shown in Fig. 1b. The interior of the beampipe is therefore mapped onto the
complete upper zI-plane while the exterior the complete lower zI-plane. In Eq. (1), K(k)
is the complete elliptic function of the first kind








A method to determine k is by an expansion in terms of the "nome"
q = exp[-1tK'(k)/K(k)J:
k'l/2 = (I + 2n~l qn2 ) I(I + 2.tl (_I)"qn 2). (6)
As shown in Fig. 1, by using Eq. (1), the corners of the rectangles B±and C± are
mapped into the points (±k - 1, 0) and (± 1, 0) at B±' and C±' while the position of the
beam is mapped into
YIO = Jm sn(i2K(k)Yo/h, k]
= sc[2K(k)Yo/h, k']. (7)







































FIGURE 1 The conformal mapping of the rectangular beampipe in the z-plane onto the real axis in the
zt-plane.
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III. LONGITUDINAL IMPEDANCE DUE TO RESISTIVE WALL
Let us first assume the wall of the beampipe to be perfectly conducting. Thus the Xl axis
in the zl-plane is at zero potential. For a line current I at Yo in the z-plane or YI0 in the
z1-plane, the image current density induced on the X I axis is
(8)
Resistivity P is now introduced to the wall of the beampipe. The corresponding skin
depth at circular disturbance frequency 00 is 8 = (2p/Jloo)I/2, Jl being the magnetic
permeability of the beampipe material. The average power dissipated at this plane per
unit length is therefore
In a conformal mapping, the fundamental relation that connects all the physical
quantities in the two planes is2
(9)
where E(z) and dz are respectively the electric field and a line element at z in the z-plane,
while E(z1) and dz1 are respectively the electric field and the line element at the
transformed point z1 in the zI-plane. The image-current density J in a resistive wall is
essentially proportional to the electric field in the wall. Thus the actual average power
loss at the wall of the beampipe per unit length (in the z-plane) is
where
which reduces to
1 P frO 21 dz 11p = -- J - dXl'
2 8 - 00 dz
dZ I = 2K(k) cn [2K(k) z kJ dn [2K(k) z kJ
dz h h' h'
= 2K(k) (l _ 802)1 /2(1 _ P 802)1 /2
h




along the walls of the beampipe. Therefore, the real part of the longitudinal impedance
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due to the walls of the beampipe is
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(12)
where I is the length of the section of the rectangular beampipe. Substituting Eqs. (8)
and (11) into Eq. (10) and inserting the imaginary part of Eq. (12), we finally arrive at
(13)
where YIO' the position of the beam in the zl-plane, is given by Eq. (7). Equation (13)
can be rewritten in a more elegant form; i.e.,
where the first factor is exactly the resistive wall longitudinal impedance of a section of
a circular beampipe of radius h/2 with the beam at the center, while the form factor
(14)
takes into account that the beampipe is rectangular in shape with a width to height
ratio w/h and that the beam is displaced from the center of the beampipe by gw/2. In
terms of g, Ylois given by
YIO = sc[K(k)(1 - g)w/h, k']. (15)
The form factor F(g, \tv/h) is plotted in Fig. 2 for various values of w/h. We note the
following properties:
1. For a square beampipe (w/h = 1), the form factor starts from 1 and increases very
rapidly when the beam is displaced from the center of the beampipe. We see that it





(the dashed curve) for a displaced beam in a circular beampipe.
2. When w/h is large, the· form factor stays flat for a wide range of g. For example,
when w/h = 2, the form factor is unity within 5% up to 9 = 0.56. As a result, for a
flat rectangular beampipe, the form factor does not differ much from unity unless
the beam is very near to the wall.
3. With the beam at the center of the rectangular beampipe, the form factor is unity at
w/h = 1, then decreases to a minimum of 0.94 at w/h ~ 1.35 and finally increases to
unity again when w/h ~ 00. Thus, for a beam at the center, the form factor is
0.94 < F(O, w/h) < 1; or F(O, w/h) = 1 within 6%.
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FIGURE 2 The form factor FL(g, w/h) for the wall resistivity contribution to the longitudinal impedance.
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4. When w/h ~ 00, the case of two parallel plates, the form factor equals unity exactly.
This can be derived by integrating Eq. (14) exactly in the limit of k ~ o.
IV. LONGITUDINAL IMPEDANCE DUE TO SPACE CHARGE
The particle beam is assumed to be circular in cross section with radius a and uniform
distribution. When (1ta/h) « 1, it can easily be shown that the beam in the transformed
Z l-plane is still roughly circular in shape with radius
2K(k) dn[2K(k)Yo/h, k']
a l = a· --h-· cn2 [2K(k)Yo/h, k'J (17)
and uniformly distributed.
The contribution to ZL due to space-charge effects can be obtained by computing the
longitudinal electric field at the beam using Ampere's Law
fE · dl = - fB· dS.
The loop is shown in Fig. 3. In the Z l-plane, the electric field along the y 1 axis is
(18)
E =y
~(Yi0 - Yi 1)
21t€0 al 2 + YI0 + Yl
2~€O (Yi0 ~ Yi + Yi0 ~ yJ
The magnetic field perpendicular to the loop is
(19)
(20)
where the disturbed beam line-charge density 'A is related to the disturbed current I by
I = 'APwc, with Pwc equal to the phase velocity of the disturbance.
Putting everything into Eq. (18), we get for the self-field at the beam
leading to a longitudinal impedance per harmonic (Zo = 1201t ohms)
(ZL) = _. iZol {~ + In[_h sn· cn]}n sp ch 21tRPwYw2 2 aK(k) dn .
(21)
(22)
where the elliptic functions have arguments (K(k)(1 - g)w/h, k), yw- 2 = 1 - Pw2 and




































FIGURE 3 The integration loop in both complex planes for the computation of the space-charge
contribution to the longitudinal impedance.
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Eq. (22) simplifies to
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1 Zo {1 [2h nw ]}
-i--- - + In -tanh-(1 - g) .
2nR ~wYw2 2 na 2h (23)
As a comparison, the space-charge contribution to the longitudinal impedance of a
beam inside a circular beampipe of radius b is l
. 1 Zo {l (b 1- g2)}
-l----- - + In ----2nR~wYw2 2 a1+g2 ' (24)
which is valid when alb « 1.
V. TRANSVERSE IMPEDANCES DUE TO RESISTIVE WALLS
In order to obtain the transverse impedances, we place the beam at xo + iyo and
displace it by an amount ~ in the x or Ydirection, compute the effects on the beam and
then set x o = O. In the transformed Z I-plane, the image current of the unperturbed
beam on the walls
(25)
will be changed accordingly by
~ OJ11 = ~{OJl ox10 + oJI OYIO}
oXo xo=O ox10 oXo 0YIO oXo xo=o'
Since the mapping is conformal,
OY101 =ox10 ! =0
oXo xo=O oYo xo=O '
while using Eq. (1),
(26)
(27)
ox10 ·1 °YI0 I
oXo xo=O = oYo xo=O
2K(k) dn[2K(k)Yolh, k']
-h- cn2 [2K(k)Yolh, k']· (28)
In a manner similar to Eq. (10) in the longitudinal case, using the fundamental




which can also be written as
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(30)
where Es(z, zo) is the longitudinal electric field at z due to a current 1 at zo while, through
Ampere's Law, Bx and By are the corresponding magnetic field in the x and y directions.
The transverse impedances are defined by
ZV,H = - ~;d i (E + v x B)V,H· ds
+ iel B
-- 1~ y,x'
where Ivl = ~e is the velocity of the particles in the beam.




fYte ZV,H = (1~)2 PV,H
wall (0
= £ ~ f<XJ dXl I dZ 1 1 1- 2 {(OJ1/0XO)2} (32)
8 (0 - 00 dz (all/aYO)2 XQ =0
Using Eqs. (1), (25), (26), (27) and (28) and including the imaginary part, we finally arrive
at
I
. epi (2)3 (w)
ZV,H wall = (1 - z) 7t(OO h FV,H g, h ' (33)
where the first factor represents the wall resistive part of the transverse impedance for a
section of a circular beampipe of length I and radius h/2 with the beam at the center.
The form factors FV,H(g, w/h) take into account that the beampipe is rectangular and
that the beam is displaced by gw/2 from the center. These form factors are given by
and
(
~) __ 2K 3 (k) dn2 [K(k)(1 ~ g)w/h, k']
FH g, h - 1t cn4 [K(k)(1 - g)w/h, k']
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When w/h ~ 1 (or k 2/16 < 0.00184), Eqs. (34) and (35) can be readily simplified to
( w) _ 2 sinh2[1t(1 - g)w/2h] foo X121(1 - X12)(1 - k2X12)ll/2 dFy g, - - 1t 2 2 2 4 Xl'h sech [1t(1 - g)w/2h] 0 (Xl + YIO)
( w) 1t 2FH g, h = 4 cosh2 [n(1 - g)w/2h]
f00 (2 2 )2X Xl - YIO 1(1 _ X 2)(1 - k2x 2)1 1/2 dx( 2 + 2)4 1 1 1·o Xl YlO (38)
These form factors are plotted in Fig. 4 for various values of w/h. We note the
following properties:
1. For a square beampipe (w/h = 1), Fy(g, 1) = FH(g, 1). They start from 0.8594 when
the beam is at the center and increase rather rapidly when the beam is displaced from
the center and approach the form factors l
1 + 2Fcir ( ) gV,H g = (1 _ g2)2 (39)
(plotted in dash-dotted curve) for a displaced beam in a circular beampipe when g is
large.
2. When w/h ~ 00, the form factors can be integrated exactly to give
Fv(g, (0) = 1t 2/12,
FH(g, (0) = n2/24,
(40)
(41)
agreeing with those for two parallel plates.4 We see that even when w/h = 00, ZH
is not zero but is of the same magnitude as Zv. This is because the transverse
impedance is defined as the effect of the oscillating beam images on the center of the
unperturbed beam and only the effects of the oscillating beam images on the
perturbed or oscillating beam itself is zero when w/h = 00.
We further note that Fv(O, w/h) and FH(O, w/h) approach the above limits very
rapidly (to within 2% when w/h > 1.10 for Fv and w/h > 1.55 forFH ). However, the
change in Fy is very small ~ 5% but the change in FH is much bigger ~ 52%. This is
because for Zy the contribution comes from the image currents on the top and
bottom of the beampipe which do not change by very much when w/h increases. For
ZH, the contribution comes from the image currents on the two vertical sides of
the beampipe when w/h = 1. As w/h increases, these image currents move into the
top and bottom of the beampipe and this change is big.
3. The form factors increase when g increases. Although they stay flat for a range of g
when w/h is large, as a whole, the variation is much larger than that for the
longitudinal form factor in Section III. In general, the variation of FH as a function
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FIGURE 4 The form factors FV,H(g, w/h) for the wall resistivity contribution to the vertical and horizontal transverse impedances.
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VI. TRANSVERSE IMPEDANCES DUE TO SPACE CHARGE
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In this section, we first compute the electric image coefficients €V,H and ~V,H for
incoherent and coherent tuneshifts defined by Zotter.4 Then the transverse impedances
due to the electric effects of the images are derived. Finally, the transverse impedances
due to the complete space-charge effects of the images and the source are constructed.
When a line charge of density Ais placed at (xo, Yo) in the z-plane or (xlo, YIO) in the
Z I-plane, the potential at a point z = (x, y) due to the source and the wall reflections of
the beampipe is
rh( ) A_ I (Xl - X10)2 + (YI - YIO)2'II Z - n 2 2·
41t€0 (Xl - XlO) + (YI + YIO)
The actual electric field is given by
E = _ (o<p oXI +~ OYI)
x oXI ox 0YI ox '
(42)
(43)
(44)E = _ (o<p oX I +~ OYI).
Y oX I oY 0YI oY
Since we are interested in the image effects at the moment, the field due to the source
itself must be subtracted away, thus giving
im A {(Xl - x IO)oxl/ox + (YI - YIO) OYI/OX 1
Ex = 27t€o (Xl - xlof + (Yl - Ylof - [(X - XO)2 + (y - YO)2]l/2
_ (Xl - XIO) ox l/2x + (YI + YIO) OYI/OX} (45)
(Xl - X10)2 + (YI + YIO)2 '
im A {(Xl - XIO) axl/ay + (YI - YIO) aYI/ay 1
Ey = -- 2 2 - . 2 2 IIi
21t€0 (Xl - XIO) + (YI - YIO) [(X - XO) + (y - Yo) ]
_ (Xl - XIO) aXI/oy + (YI + YIO) OYI/OY} (46)
(Xl - XIO)2 + (YI + YIO)2 .
The electric image coefficients for incoherent and coherent tuneshifts are defined as4
1t€ h2 aE im I
€IV = _O x_ , (47)
4A ox x=xo=Oy=yo
1t€ h2 (OE im oE im)~IV = _0_ _ x_ + _x_
4'A ox oXo x=xo=o'
y=Yo
1t€ h2 (OE im oE im)~IH = _0_ _ y_ + _y_






for a beam at a point Yo on the horizontal symmetry axis of the rectangular beampipe.
The computation is straightforward by using the transformation Eq. (1), which leads to
cn1 2 + k 2 sn2 sn1 2 '
cn · dn · sn l • cn lYl =---.....,.-----
cn l
2 + k2 sn 2 sn 1 2 '
(51)
(52)
where sn, cn, dn have arguments (2K(k)x/h, k) while sn l , cn l , dn l have arguments(2K(k)y/h, k'). However, care must be taken to cancel the fictitious poles at the source
location before taking the limit x = Xo and y = Yo. One way to do this is to expand
Eqs. (45) and (46) as Laurent series and pick out the suitable terms for the image
coefficients. Our results are
-£l H _ K
2(k) {k14 snio enio _ k'2(1- 2 snio)
- 4 2 dnIo 3
_ dnIo(3 -4snio - 4Sni o)}




where sn 10 , cn lO , dn lo have arguments (2K(k)Yo/h, k') or (K(k)(l - g)w/h, k'). For
w/h --+ 00, the case of parallel plates, Eqs. (53), (54) and (55) become
(56)
in agreement with Zotter's results.4
The vertical force on a beam oscillating vertically with amplitude 1\ is
1\ • of(z, z l)/OX I evaluated at the location of the unperturbed beam. The force is
composed of the electric part and the magnetic part. From Maxwell's equations and
the Lorentz force, the latter is just p2 times the former and opposite in sign. Thus,
according to the definition given by Eq. (31), the transverse impedances due to the
space-charge effects of the images are related to the electric image tuneshift coefficients
by
(57)
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where y2 = (1 - ~2) -1. The contribution due to the beam itself is3
zself I - .. ilZo ~
V,H - 2· A2 2 2'
spch 1tp y a
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(58)
which depends on the fields at the very edge of the beam and is therefore independent of
the geometry of the beampipe when the beam radius is much smaller than its distance
from the wall of the beampipe. Combining Eqs. (57) and (58), we obtain for the
transverse impedances due to space charge
I
- . ilZo {I 8(V,H V'H)}
ZV,H sp ch - 27t~2y2 a2 - h2 ~1 - £1
Substituting Eqs. (53), (54) and (55) into Eq. (59), we finally get
I
- .ilZo . {~ ~ 2K 2(k) [k!4sni o cn. io k'2 (1 - 2 snio)
Zy - 2 2 2 2 h2 2 d 2 + 3
spch 1t~ Y a .n10
dnio(3 - 4 sni o. + 4 sni o)]}
+ 22'6 sn10 cn 10
I
- ilZo . {~- 2K 2(k) [·.. kl4 sni o cnio
ZH - 2 A2 2 2 h2 2 d 2
spch 1tp Y a . n lO
2k'2(1 - 2 snio) dnio(3 + 4 snio- 4 snio)]}




where the arguments for sn lO , cn lO and dnlo are (K(k)(l - g)wjh, k).
The quantities £1 v - ~1 Y and £1 H - ~1 H are plotted in Fig. 5 as functions of g for
various values of wjh. Their properties are similar to those of the form factors Fv and FH
in the last section. The comments there apply to here also. In Fig. 5, we have also
plotted for comparison4
V,H Y,H. . 1
£1 - ~1 = 2(1 _ g)2
for an off-centered beam inside a circular beampipe.
VII. COMPUTER PROGRAM
A handy computer program RECT has been written to compute the form factors FL ,
Fy , FH for the longitudinal, vertical and horizontal transverse impedances due to the
resistive walls of a rectangular beampipe with the beam on the horizontal axis of the
beampipe, but displaced from the center. Also computed are the electric image
tuneshifts £1 v, £1 H, ~1v, ~1H as well as £1 v - ~1 V and £1 H - ~1H which are proportional
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FIGURE 5 The differences between the electric image coefficients for coherent tuneshift and the electric image coefficients for
incoherent tuneshift as functions of g and w/h. These are required in the computation of the space-charge contributions to the trans-
verse impedances.
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This program can be readily accessed from a Fermilab terminal by the statement:
GET, RECT/UN = 94786 with CERNLIB attached. The input is in the namelist form
with group name "DATA." An example is $DATA N = 50, WH = 3.50$, where WH
is the ratio of the width to the height of the rectangular beampipe. The results are given
for each deviation of the beam from the center of the beampipe from g = 0 to 1 - liN
in steps of liN, (g = 0.00,0.02,0.04, ... ,0.98 in the above example). The default for N is
100. Many sets of data can be entered at the same time.
VIII. IMAGE CURRENT DISTRIBUTION
In the z1-plane, the image current is flowing in the Y1 = 0 plane. The current density is
(62)
where Y10 is the position of the beam current I given by Eq. (7). Transforming back
onto the physical z-plane, this image-current density becomes
( ) _ I Y1 0 Idz 11Jz--- '? 2-'
n x 1 - + YI 0 dz
where, in terms of the physical coordinate z = x + iy,
dZ I 2K(k) (cn cn1 - i sn dn sn l dnl)(dn en1 dn l - ik2 sn cn sn1)
dz -h- (cn l 2 + k2 sn2 sn1 2 )2
(63)
(64)
In above, the arguments of sn, cn and dn are (2K(k)xlh, k) while those of sn1, cn1 and
dn l are (2K(k)Ylh, k').
For the edge C _C + of length h (see Fig. 1), y = 0 and -!h ~ x ~ !h. Thus sn1 = 0
and cnl = dn l = 1. Substituting into Eqs. (63) and (64), we get the image-current
density
I 2K(k) cn(2Kxlh, k) dn (2Kxlh, k)/sc10
J(x)c_c+ = - h· -n-· 1 + sn2(2Kx/h, k)/SCIo (65)
where sc lO is the beam position
sc lO = sc(2K(k)Yolh, k').
For the opposite edge B _B +, Y = wand -!h ~ x ~ !h. Thus sn i = 1, cn i = 0
and dn = k'. The image-current density is therefore
J(x) = _ ~ 2K(k) k SC10 cn(2Kx/h, k) dn (2Kx/h, k)
B-B+ h 1t 1 + k2 SCIo sn2 (2Kx/h, k)' (66)
For the edge B+C+ (or B_C_), x = ±!h and 0 ~ y ~ w. Thus cn = 0, sn = ± 1
and dn = k'. The image-current density is therefore
I 2K(k) k,2 sc lO sn (2Kylh, k') cn(2Kylh, k')
J(Y)B+C+ = J(Y)B_C_ = - h-n- 1 + scIo dn2(2Ky/h,k') (67)
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The total current on each side of the wall of the beampipe can be easily obtained by
integrating Eqs. (65)-(67), giving
They add up to unity as required. When the beam is at the center of the beampipe,
sc10 = k- 1/2• We therefore get
1 1 - k
I(B+C+)/I = I(B_C_)/I = - - tan- 1 -k1/2 •1t 2
When w/h ~ 2and the beam is not displaced from the center by very much (g ~ 0.5),
Eqs. (65-67) can be simplified to
I sC10 cos 1tx/h
J(x)c_c+ = - Ii' scio + sin2 1tx/h'
_ ~ • k sc10 cos 1tx/h
h 1 + k2 scio sin2 1tx/h'
I k'2(sinh 1ty/h)/sclO
- h1 + (cosh2 1ty/h)/scio .
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